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Abstract—The concept of equivalent stress for hysteretic be-
haviour is discussed. Magnetic measurements are first performed
on iron-silicon thin sheets submitted to biaxial stress. Both
anhysteretic and dissipative magnetic responses are recorded.
An anhysteretic equivalent stress for the magnetic susceptibility
is first applied. A configuration effect allows building an equi-
valent stress for the coercive field. The combination of the two
formulations leads to a prediction of losses in the stress plane.

I. I NTRODUCTION

The present research is motivated by the design of rotors for
Variable Frequency Generators (VFG). The increased power
density of these devices requires a higher rotation speed
(typically 24,000 rpm), leading to higher levels of centrifugal
forces and stress in the rotor. A first point is to ensure the
mechanical strength of the materials. A second point is to
take into account changes in the magnetic behaviour (and
ultimately torque) when a high intensity multiaxial stressstate
is applied. Non-conventional experiments are performed on
cross-shaped iron-silicon thin sheets in order to apply biaxial
stress representative of the loadings experienced by rotors
of VFGs. These experiments are performed on a multiaxial
testing machine. Both anhysteretic and dissipative magnetic
responses to magneto-mechanical loadings have been recorded
(magnetic susceptibilityχ , coercive fieldHc, power lossesP).
The results allow identifying the most critical stress confi-
gurations for this material in terms of iron losses. The results
are also used to assess the relevance of an equivalent stress
approach. For that purpose a previous definition of equivalent
stressσeq for anhysteretic behaviour [1] is recalled and an
extension to dissipative behaviour is proposed. Modelling
results are finally compared to experiments.

II. M AGNETIC BEHAVIOUR UNDER BIAXIAL STRESS

A. Experimental set-up

Measurement of magnetic behaviour is performed on a
cross-shaped specimen loaded in tension-compression along
two perpendicular directions [1], [2]. A local frame (1,2) is
attached to the sheet with direction 1 and 2 corresponding to
the rolling direction (RD) and to the transverse direction (TD)
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respectively. The local stress tensor (σ1, σ2) is calculated from
the forces applied along the loading axes (F1,F2) using a finite
element mechanical simulation. Uniformity of both stress and
magnetic field has been verified in the area of measurement.
Both anhysteretic and hysteretic behaviour of the material
are measured. Hysteresis loops have been recorded under a
triangular magnetic field waveformH(t) in order to get a
constant magnetic field rate. A wide range of first harmonic
frequency has been tested up to 800Hz with maximal magnetic
field Hmax≈1000A/m. Because the proposed study deals with
quasi-static behaviour, only experiments atf =5Hz are reported
here. Magnetic field is applied along RD and at 45o between
RD and TD. These two configurations give an insight into
some aspects of material anisotropy and allow testing the
robustness of the model.

B. Influence of a biaxial stress on the anhysteretic behaviour

The influence of a biaxial stress on the anhysteretic be-
haviour is discussed first in terms of secant susceptibility
χ = (M/H). Fig.1 and 2 plot the relative variation of secant
susceptibility defined by (1) in the (σ1, σ2) plane. The results
are reported for the two magnetic loading directions (RD and
45o) and for two magnetic field magnitudes (H=200 A/m and
H=1000 A/m).

∆r χ = 100×
χ(σ1, σ2)− χ(0,0)

χ(0,0)
= 100×

∆χ
χ0 (1)

(a) ~H//RD (b) ~H//45◦

Fig. 1. Relative variation∆r χ of the secant magnetic susceptibility in the
stress plane for a magnetic loading along RD (a) and at 45o (b) - H=200A/m.



(a) ~H//RD (b) ~H//45◦

Fig. 2. Relative variation∆r χ of the secant magnetic susceptibility in the
stress plane for a magnetic loading along RD (a) and at 45o (b) - H=1000A/m.

Considering first an applied magnetic field along RD
(Fig.1(a) and 2(a)), a uniaxial tension along the magnetic field
direction improves the susceptibility and a compression inthe
same direction deteriorates the magnetic behaviour. When a
uniaxial stress is applied in the direction perpendicular to the
magnetic field, the effect is opposite but significantly softened
compared to the parallel direction. A compression along the
magnetic field direction always tends to deteriorate the mag-
netic behaviour whatever the value ofσ2. The isovalues for
the susceptibility are almost vertical lines. The lowest values
of χ are obtained for shear configurations with compression
along the loading direction. A bi-tension tends to slightly
increase the magnetic susceptibility especially at high field
level. Variations are lower at high field since the material is
closer to saturation. When the magnetic field is applied at
45◦, isovalues seem to operate a rotation at 45◦ too. This
is particularly visible at low field. Indeed a symmetry with
respect to theσ1 = σ2 axis is expected since the material is
transversely isotropic.

C. Influence of a biaxial stress on the hysteretic behaviour

The relative variation∆rHc of the coercive fieldHc under
biaxial loading is given in Fig.3 for the two magnetic field
loading directions. These variations are calculated with respect
to the unstressed configuration according to (2).

∆rHc = 100×
Hc(σ1, σ2)−Hc(0,0)

Hc(0,0)
= 100×

∆Hc

H0
c

(2)

For ~H//RD (Fig.3a)∆rHc is symmetric with respect to the
shear lineσ1 = −σ2. The region of minimum coercive field
is the region corresponding to shear stress with positive stress
component along the rolling direction (σ1 > 0, σ2 < 0). Along
the line of pure shear stress (σ1 =−σ2) with σ1 < 0, there is a
strong increase ofHc with the intensity of stress. The area of
minimum effect of stress is the equibiaxial region close to the
line σ1 = σ2. The results obtained for a magnetic field applied
alongRD are in very good agreement with the results obtained
by Pearsonet al. [3] at medium frequency (50 Hz) on 1 mm
thick sheets of pure iron. In accordance with observations
made on the magnetic susceptibility, the change of magnetic
loading direction fromRD to 45o leads to a rotation of

(a) ~H//RD (b) ~H//45◦

Fig. 3. Relative variation∆rHc of the coercive field in the stress plane for
a magnetic loading along RD (a) and at 45o (b) - f =5Hz.

the isovalues of coercive field. The figure becomes clearly
symmetric with respect to theσ1 = σ2 axis as expected for a
transversely isotropic material under such loading conditions.
The relative variation∆rP of the power lossesP under biaxial
loading is reported in Fig.4 for the two magnetic field loading
directions. These variations are calculated with respect to the
unstressed configuration according to (3).

∆rP= 100×
P(σ1, σ2)−P(0,0)

P(0,0)
= 100×

∆P
P0 (3)

(a) ~H//RD (b) ~H//45◦

Fig. 4. Relative variation∆r P of the power losses in the stress plane for a
magnetic loading along RD (a) and at 45o (b) - f =5Hz.

For ~H//RD the effect of stress on the power losses is
low compared to the effect on the coercive field or on the
magnetic susceptibility at low field. A bi-tension state tends
to increase the magnetic power losses (by approximately 10%
for σ1 = σ2 = 100 MPa). The highest power losses are obtained
along the equibiaxial lineσ1=σ2. For ~H//45o, similarly to the
trends observed for the magnetic susceptibility, the isovalues
of power losses seem to operate a rotation at 45o. The map
can be interpreted as a set of horizontal lines, and the highest
power losses are obtained for high negativeσ2. The figure is
consequently not symmetric with respect to theσ1 = σ2 axis
which is in contradiction with the material symmetries and
with the susceptibility and coercive field results. Note that the
measurement uncertainty is high for this quantity (about 10%)
and it could explain the unexpected trends observed.

An attempt of relationship between losses, susceptibility
and coercive field evolutions under stress can be proposed.



Assuming parallelogram-shaped cycles, the coercive field de-
fines the width of magnetic cycles. On the other hand the
height of the magnetic cycle will be proportional to the
magnetic susceptibility (for a given maximum magnetic field).
Losses variation is then the result of combined variations
of coercive field and susceptibility. If power lossesP are
assumed to be proportional to the product of coercive field
with magnetisation, the relative variation of losses is linked
to the sum of the relative variations of coercive field and
susceptibility (4).

P ∝ HcM = HcχH , ∆rP ∝ ∆rHc+∆r χ (4)

As a first approximation, experimental results seem to be
in accordance with this assumption: at a given stress point
(σ1,σ2), a change (increase or decrease) of susceptibility seems
to correspond to an opposite change (decrease or increase
respectively) of coercive field. This leads to a relative insen-
sitivity of losses to stress.

III. E QUIVALENT STRESS FOR ANHYSTERETIC AND

HYSTERETIC BEHAVIOUR

Apart from a few noticeable exceptions (e.g. [4], [5], [6]),
the coupled constitutive laws introduced in finite element
modelling codes for rotating machines are limited to the
restrictive case of uniaxial applied stress. The experimental re-
sults presented in the previous section show that this is usually
irrelevant since the stress experienced by rotors is multiaxial.
The use of equivalent stress approaches is a solution to
overcome the limitations of existing uniaxial modelling tools
[7]. In the case of magneto-elastic behaviour, the equivalent
stress for a given multiaxial loadingσ is defined as the uniaxial
stressσeq - applied in the direction parallel to the magnetic
field - that leads to the same magnetic behaviour than the
actual multiaxial loading.

A. Equivalent stress for anhysteretic behaviour

A definition of an equivalent stress for anhysteretic
magneto-elastic behaviour has been proposed recently [1].It
relies on an energy definition of the equilibrium. Based on an
equivalence in magnetisation (~M(σ) = ~M(σeq)), the following
definition of the equivalent stressσeq is obtained:

σeq=
2
3k

ln





2 exp
(

3
2 k~h.s.~h

)

exp
(3

2 k~t1 .s.~t1
)

+exp
(3

2 k~t2 .s.~t2
)



 (5)

s = σ −
1
3 tr(σ)I is the stress deviator,I is the identity

tensor. The expression ofσeq includes a material parameter
k = 3χ0λm/(µ0 M2

s ), with χ0 the initial susceptibility of the
material,λm the maximal magnetostriction (before magneti-
sation rotation within the magnetic domains),µ0 the vacuum
permeability andMs the saturation magnetisation. (~h,~t1,~t2) is a
local coordinate system:~h indicates the direction of the applied
field,~t1 is orthogonal to~h and belongs to the sheet plane, and
~t2 is orthogonal to the sheet plane. In the configurations studied

in this paper, the expression is given by (6) and (7) when the
magnetic field is applied alongRD and at 45o respectively.

σDL
eq =

2
3k

ln

(

2 exp
(3

2 kσ1
)

1+exp
(3

2 kσ2
)

)

(6)

σ45
eq =

2
3k

ln

(

2 exp
(

3
4 k(σ1+σ2)

)

1+exp
(

3
4 k(σ1+σ2)

)

)

(7)

Eq. (7) shows the expected symmetry with respect to the
σ1 = σ2 axis. Fig.5 illustrates the value of the equivalent stress
σeq according to this criterion withk= 18×10−9 m3/J for this
material.

(a) ~H//RD (b) ~H//45◦

Fig. 5. Equivalent stressσeq in the stress plane.

The behaviour of the material under uniaxial stress ap-
plied parallel to the magnetic field can be identified from
Fig.1(a) (horizontal lineσ2=0). This is used as an input and,
combined with the definition (5) of the equivalent stress,
allows predicting the evolution of the magnetic susceptibility
in the stress plane as plotted in Fig.6. The agreement between
experiment (Fig.1) and modelling (Fig.6) is satisfactory.The
same conclusions could be made at 1000 A/m - using the
uniaxial data from Fig.2(a). The equivalent stress criterion
takes suitably into consideration the relative orientation of
stress and magnetic field.

(a) ~H//RD (b) ~H//45◦

Fig. 6. Prediction of the relative variation of the secant magnetic suscepti-
bility in the stress plane for a magnetic loading along RD (a)and at 45o (b)
- H=200A/m.

B. Equivalent stress for hysteretic behaviour

The dissipation can be introduced by adding an irreversible
contribution to the magnetic field, as proposed by Hauser



under no applied stress [8]. Based on this definition, the
dependence of the coercive field to the applied stress is defined
in this paper thanks to the notion of ”configuration effect”.
It comes from the simple observation of the initial domain
structure modification when an external stress is applied: under
tension, the fraction of domains oriented along the direction of
the applied stress increases (positive magnetostriction)leading
to a higher demagnetising effect and therefore to a refinement
of the domain structure; under compression, the effect is
opposite. The coercive field is associated to this configuration
because the probability of encountering a pinning centre
depends on the space between domain walls. The coercive
field decreases with a tension aligned with the magnetic field;
it increases under compression. We propose the following
definition for the coercive field as a function of the multiaxial
stressσ :

Hc=Hc0
(

1−η
( exp(K~h.σ .~h)

exp(K~h.σ .~h)+exp(K~t1.σ .~t1)+exp(K~t2.σ .~t2)
−

1
3

))

(8)
K and η are material parameters. Using the identity

Hc(σ ) = Hc(σc
eq), the equivalent stress for coercive field is

given by (9).

σc
eq=

1
K

ln
( 2.exp(Kt~hs~h)

exp(Kt~t1s~t1)+exp(Kt~t2s~t2)

)

(9)

Due to the configuration effect expression, the equivalent
stress for the coercive field is the same as the anhysteretic
equivalent stress, except for the constantK used as a fitting
parameter. This formulation has been applied to describe the
evolution of the coercive field under stress using the uniaxial
results provided by the horizontal lineσ2 = 0 of Fig.3(a) as
an input data (withK = 4×10−9 m3/J for iron-silicon). The
corresponding results are shown in Fig.7.

(a) ~H//RD (b) ~H//45◦

Fig. 7. Prediction of coercive field relative variation in the stress plane.

The results are satisfactory but reveal some shortcomings :
when the applied magnetic field is alongRD (Fig.3(a) versus
Fig.7(a)), the symmetry with respect to theσ1 = −σ2 axis
is not modelled; when the magnetic field is applied at 45◦

(Fig.3(b) versus Fig.7(b)), the expected symmetry is observed
but the coercive field decrease in bi-tension is hardly observed.

The effect of stress on power losses can be defined as
a combination of the effect on magnetic susceptibility and
on coercive field using (4). Fig.8 gives the corresponding

variations of power losses in the stress plane predicted from
this approach. The horizontal linesσ2=0 of Fig.1(a) and 3(a)
are used as an input to build this graph. As experimentally
observed, a weak level of variation is modelled especially for
~H//RD. The highest loss levels are obtained in bi-compression
for ~H//45o. The trends observed for~H//RD between experi-
ments and model are nevertheless different. This could be due
to the high uncertainty level for power losses measurements
and to the strong assumptions in the modelling.

(a) ~H//RD (b) ~H//45◦

Fig. 8. Prediction of power losses relative variation in thestress plane.

IV. CONCLUSION

An equivalent stress for hysteresis losses is proposed in
this paper. It is a combination of an anhysteretic and a
coercive field equivalent stress, both based on a very similar
formulation. Some limitations have been highlighted, notably
regarding theσ1 = −σ2 symmetry axis for~H//RD. The
assumption of parallelogram-shaped cycles is also very strong.
This approach is nevertheless a first step towards the introduc-
tion of the concept of equivalent stress for the prediction of
iron losses under magneto-mechanical loading.
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